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Abstract
In this paper, we construct a kind of multivariate quartic nonuniform rational B-spline (NURBS) surfaces
by using bivariate quartic B-spline bases in the multivariate spline space S24 ((2)mn), and discuss some prop-
erties of this kind of NURBS surfaces with multiple knots on the type-2 triangulation. Compared with the
bicubic (rational) B6ezier surfaces, the new multivariate NURBS surfaces on the knot vectors of the form
U = {0; 0; 0; 0; 1; 1; 1; 1} and V = {0; 0; 0; 0; 1; 1; 1; 1} have similar properties at the four edges of the surfaces.
Several examples show that our multivariate B-spline surfaces are better than the corresponding bicubic B6ezier
surfaces.
c© 2003 Elsevier B.V. All rights reserved.
Keywords: Multivariate quartic NURBS surface; Multivariate spline space; Bivariate quartic B-spline bases; Type-2
triangulation
1. Introduction
As we know, the nonuniform rational B-splines (NURBS), have become the standard for the
representation, design, and data exchange of geometric information processed by computers [2,3].
The tensor product B-splines on rectangular partition, and the Bernstein–B6ezier form on simplex
are di>erent ways for generalizing multivariate B-splines. However, we can directly generalize the
multivariate splines by using the smoothing cofactor-conformality method [4]. Therefore, we can
also construct a kind of multivariate NURBS surfaces by using this kind of bivariate B-splines. In
[6] we have presented the multivariate quadratic NURBS surfaces on type-2 triangulation ((2)mn) by
using the bivariate B-splines in the multivariate spline space S12 ((2)mn) and discussed their properties.
The four edges of the surfaces are four quadratic B-spline curves with their corresponding control
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points. Furthermore, these edges become four quadratic B6ezier curves with the multiple knot vectors
U={0; 0; 0; 1; 1; 1} and V={0; 0; 0; 1; 1; 1}. So that these NURBS surfaces have the similar properties
of interpolation at their edges as the biquadratic B6ezier surfaces. In this paper, we construct the
multivariate quartic NURBS surfaces on type-2 triangulation by using the B-splines in the multivariate
spline space S24 ((2)mn) [5]. The edges of the new multivariate NURBS surfaces turn into four cubic
B6ezier curves on the knot vectors of the form U = {0; 0; 0; 0; 1; 1; 1; 1}, and V = {0; 0; 0; 0; 1; 1; 1; 1}.
The paper is organized as follows: In Section 2, we review some results of the space of C2 quartic
spline on type-2 triangulation. In Section 3, we discuss the multivariate quartic NURBS surfaces in
detail. In Section 4, some examples are presented to illustrate the properties and comparison with
bicubic B6ezier surfaces.
2. The multivariate spline space S24 ((2)mn)
Let D = [0; m] × [0; n] and partition D with a four-directional mesh (or type-2 triangulation) by
using the grid lines: x− j= 0; y− j= 0; x− y− j= 0, and x+ y− j= 0, where j= · · · ;−1; 0; 1; : : :
(see Fig. 1). In paper [1], we have constructed the locally supported splines in S24 ((2)mn), A(·), B(·),
and C(·). They are given in Figs. 2(a), (b), and (c) respectively. Set
Ai = Ai(·) = A(· − i);
Bi = Bi(·) = B(· − i);
Ci = Ci(·) = C(· − i);
Fig. 1. A type-2 triangulation of parametric domain.
Fig. 2. (a) The support of A(·), (b) the support of B(·), and (c) the support of C(·).
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where i∈Z2; Z denotes the set of all integers. It is clear that the index sets for which the functions
Ai, Bi, and Ci do not vanish identically on D are
E = {i = (; ): −16 6m; −16 6 n};
F = {i = (; ): 06 6m; 06 6 n};
G= {i = (; ): i 	= (−1;−1); (m+ 1;−1); (−1; n+ 1); (m+ 1; n+ 1);
− 16 6m+ 1; −16 6 n+ 1};
respectively.
Theorem 2.1. Let (0; 0), 06 06m and 06 06 n, be arbitrarily chosen, and set
G1 = G\{(0; 0); (0; 0 + 1); (0; 0 − 1); (0 − 1; 0)};
G2 = G\{(0; 0); (0; 0 + 1); (0; 0 − 1); (0 + 1; 0)};
G3 = G\{(0; 0); (0 + 1; 0); (0 − 1; 0); (0; 0 + 1)};
G4 = G\{(0; 0); (0 + 1; 0); (0 − 1; 0); (0; 0 − 1)}:
Then each of the four collections
Bl = {Ai; Bj; Ck : i∈E; j∈F; k ∈Gl};
l= 1; 2; 3; 4, is a basis of S24 ((2)mn).
Theorem 2.2. For all x∈D,∑
i∈E
A(x − i) +
∑
i∈F
B(x − i) +
∑
i∈G
C(x − i) = 1:
Theorem 2.1 constructed the basis of S24 ((2)mn), and Theorem 2.2 proved that the three locally
supported functions A(·), B(·), C(·) satisfy the partition of unity so that the surfaces generated
by them have convex hull property and transformation invariance. Consequently, the two theorems
provide theoretical foundation for constructing the multivariate quartic NURBS surfaces on type-2
triangulation.
3. Construction of the multivariate quartic NURBS surfaces
3.1. Construction of B-spline bases
Because the basis of S24 ((2)mn) is comprised of the three C2 quartic spline functions mentioned
above, it is not convenient to construct NURBS surfaces by using them immediately. However, we
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Fig. 3. The support of D(·).
may get a new spline D(·) by using a linear combination of A(·), B(·), and C(·), where the support
of D(·) is a combination of the supports of A(·), B(·), and C(·) (see Fig. 3).
In order to determine a proper D(·) to generate NURBS surfaces, we compute it by using the
method “smoothing cofactor-conformality conditions” given in [4] instead of the method of linear
combination. The nonuniform B-splines with di>erent supports can be constructed conveniently.
Let cij ∈R3 be the control points, and wij ∈R be the corresponding weights (i=−1; 0; : : : ; m+ 1;
j=−1; 0; : : : ; n+1). By using appropriate parameters u and v, we obtain a type-2 triangulation shown
in Fig. 1. The parametric knots should be
u−36 u−26 u−16 u06 · · ·6 um6 um+16 um+26 um+3;
v−36 v−26 v−16 v06 · · ·6 vn6 vn+16 vn+26 vn+3:
DeLne the quartic B-splines Dij(u; v) =D(· − i; · − j), (u; v)∈ [ui−2; ui+2]× [vj−2; vj+2], i=−1; 0; : : : ;
m+ 1; j =−1; 0; : : : ; n+ 1. Then the multivariate quartic NURBS surface is deLned by
S(u; v) =
∑m+1
i=−1
∑n+1
j=−1 wijcijDij(u; v)∑m+1
i=−1
∑n+1
j=−1 wijDij(u; v)
; (u; v)∈ [u0; um]× [v0; vn]: (1)
3.2. Uniform quartic B-spline surfaces
Let ui = i; vj = j, i = −3;−2; : : : ; m + 2; m + 3; j = −3;−2; : : : ; n + 2; n + 3. Then Dij(u; v) =
D00(u− i; v− j), i=−1; 0; : : : ; m; m+1; j=−1; 0; : : : ; n; n+1, and a uniform quartic B-spline surface
is deLned by
S(u; v) =
m+1∑
i=−1
n+1∑
j=−1
cijDij(u; v); (u; v)∈ [u0; um]× [v0; vn]: (2)
When the knot vectors are U ={−2;−1; 0; 1; 2} and V ={−2;−1; 0; 1; 2}, the uniform C2 piecewise
quartic B-spline D00(u; v) can be represented (shown in Fig. 3) as follows:
p1(u; v) = 128(u− 2)3(u+ 2v− 4);
p2(u; v) = p1(u; v)− 156 (u− v− 1)3(u+ 3v− 5);
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Fig. 4. The graph of D00(u; v).
p3(u; v) = p1(u; v)− 114 (u+ v− 2)3v;
p4(u; v) = p3(u; v)− 156 (u− v− 1)3(u+ 3v− 5);
p5(u; v) = 156(u+ v− 3)4;
p6(u; v) = p4(u; v)− 328 (u− 1)3(u+ 2v− 5);
p7(u; v) = p6(u; v) + 156(u+ v− 1)3(3u+ 3v+ 1);
where
pi(u; v) = D00(u; v)|ith-cell:
The representations of D00(u; v) on other cells can be obtained by symmetric transformation of these
polynomials. The graph of D00(u; v) is shown in Fig. 4, and D00(0; 0)=12 , D00(1; 0)=
3
28 , D00(0; 1)=
3
28 ,
D00(1; 1) = 156 . It is clear that the quartic B-spline bases Dij(u; v) satisfy
m+1∑
i=−1
n+1∑
j=−1
Dij(u; v) = 1; (u; v)∈ [u0; um]× [v0; vn] (m¿ 1; n¿ 1):
It is obvious that the surface S(u; v) is C2 continuous on the domain (see Fig. 5), and it has the
following properties:
S(ui; vj) = 12ci; j +
3
28(ci−1; j + ci; j−1 + ci; j+1 + ci+1; j)
+ 156(ci−1; j−1 + ci−1; j+1 + ci+1; j−1 + ci+1; j+1);
i =−1; 0; : : : ; m; m+ 1; j =−1; 0; : : : ; n; n+ 1.
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Fig. 5. Control points and uniform parametric domain.
Fig. 6. The supports of B-splines on the knot vectors of the form U = {−1;−1; 0; 1; 2}; V = {−2;−1; 0; 1; 2} and
U = {−1; 0; 0; 0; 1}; V = {−2;−1; 0; 1; 2}.
3.3. Nonuniform quartic B-spline surfaces
In this section, we discuss the e>ects of multiple knots. At Lrst, consider the univariate B-spline
basis. The univariate B-spline basis of n-degree is Cn−r continuous at a knot with multiplicity r,
and another e>ect of multiple knots is to reduce the number of intervals on which the function is
nonzero [2,3]. According to this property, the nonuniform multivariate quartic B-spline bases should
be the bivariate piecewise quartic polynomials with C2 smoothness when the parameters u and v both
have no multiple knots. When u and (or) v have (has) knots with multiplicity r, then the supports
of B-splines will be changed, and the functions will be (3 − r) continuous at the corresponding
knots, respectively. As mentioned above, we construct the nonuniform B-spline bases by the method
“smoothing cofactor-conformality condition”, respectively. Similarly, these B-spline bases satisfy the
partition of unity on their parametric domain as well. For example, Fig. 6 shows several supports
of di>erent B-splines on the corresponding knot vectors.
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Fig. 7. Control points and nonuniform parametric domain.
Particularly, we consider the B-spline bases on the knot vectors of the form U={0; 0; 0; 0; 1; 1; 1; 1}
and V = {0; 0; 0; 0; 1; 1; 1; 1}. Denote by Dij(u; v); i = 0; 1; 2; 3; j = 0; 1; 2; 3, the B-spline bases on
the parametric domain [0; 1] × [0; 1]. Let cij(u; v); i = 0; 1; 2; 3; j = 0; 1; 2; 3 be control points (see
Fig. 7), then the nonuniform quartic B-spline surface is deLned by
S(u; v) =
3∑
i=0
3∑
j=0
cijDij(u; v); (u; v)∈ [0; 1]× [0; 1]: (3)
It has the following properties:
S(0; 0) = c00;S(1; 0) = c30;S(0; 1) = c03;S(1; 1) = c33;
S′u(0; 0) = 3(c10 − c00);S′v(0; 0) = 3(c01 − c00);
S′′u (0; 0) = 6(c20 − 2c10 + c00);
S′′v (0; 0) = 6(c02 − 2c01 + c00);
S′′uv(0; 0) = 6((c11 − c10)− (c01 − c00));
S(u; 0) = (1− u)3c00 + 3u(1− u)2c10 + 3u2(1− u)c20 + u3c30;
S(0; v) = (1− v)3c00 + 3v(1− v)2c01 + 3v2(1− v)c02 + v3c03:
So, the surface shown in (3) interpolates the four corner control points in Fig. 7. We Lnd that
the four boundaries of the surface are cubic B6ezier curves with the corresponding control points,
respectively. Fig. 8 shows an example concerning this multivariate quartic B-spline surface.
3.4. Nonuniform rational quartic B-spline surfaces
The above results show that we can construct the multivariate quartic NURBS surfaces by using
the same methods of NURBS curves and rational B6ezier curves based on the adjusting of control
points and weights [2,3].
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Fig. 8. The control points and the corresponding multivariate quartic B-spline surface.
Example 1. Let knot vectors be U = {0; 0; 0; 0; 1; 1; 1; 1}; V = {0; 0; 0; 0; 1; 1; 1; 1}, the control points
be
c00 = (1; 0; 0); c10 = (1; 2=3; 0); c20 = (1=2; 1; 0); c30 = (0; 1; 0);
c01 = (1; 0; 2=3); c11(1; 2=3; 2=3); c21 = (1=2; 1; 2=3); c31 = (0; 1; 2=3);
c02 = (1=2; 0; 1); c12 = (1=2; 1=3; 1); c22 = (1=4; 1=2; 1); c32 = (0; 1=2; 1);
c03 = (0; 0; 1); c13(0; 0; 1); c23 = (0; 0; 1); c33 = (0; 0; 1);
and the weights being
w00 = 1; w10 = 1; w20 = 4=3; w30 = 2;
w01 = 1; w11 = 1; w21 = 4=3; w31 = 2;
w02 = 4=3; w12 = 4=3; w22 = 16=9; w32 = 8=3;
w03 = 2; w13 = 2; w23 = 8=3; w33 = 4:
Then
S(u; v) =
∑3
i=0
∑3
j=0 cijwijDij(u; v)∑3
i=0
∑3
j=0 wijDij(u; v)
; (u; v)∈ [0; 1]× [0; 1]: (4)
According to the properties of cubic rational B6ezier curve, the four boundaries of surface (4) are
quarter circles (since c03=c13=c23=c33=(0; 0; 1), S(u; 1)=(0; 0; 1)). The surface is a approximation
of 18 sphere (see Fig. 9(a)). Denote by S(u; v) = (X (u; v); Y (u; v); Z(u; v))
T the parametric surface,
then the error of the approximation surface is
max
(u;v)∈[0;1]×[0;1]
{|X (u; v)2 + Y (u; v)2 + Z(u; v)2 − 1|}6 0:03:
It means that the square of the distance between the interior points and the sphere is not greater
than 0.03.
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Fig. 9. (a) The approximation of 18 sphere. (b) The approximation of the sphere.
When the knot vectors are
U = {0; 0; 0; 0; 1; 1; 1; 2; 2; 2; 3; 3; 3; 4; 4; 4; 4};
V = {0; 0; 0; 0; 1; 1; 1; 2; 2; 2; 2};
we can also construct an approximation of the sphere (see Fig. 9(b)).
4. Comparison with the bicubic B'ezier surfaces
As we have shown, based on the knot vectors of the form U = {0; 0; 0; 0; 1; 1; 1; 1} and V =
{0; 0; 0; 0; 1; 1; 1; 1}, the four boundaries of the multivariate quartic B-spline surfaces are cubic B6ezier
curves with the corresponding control points respectively. Let us compare the approximation prop-
erties by the multivariate quartic B-spline surfaces with those by the bicubic B6ezier surfaces.
Let f(u; v) be the object function, s(u; v) be the approximation of f(u; v). s(u; v) is determined
by the system of equations
s(i; j) = f(i; j);
s′u(i; j) = f
′
u(i; j);
s′v(i; j) = f
′
v(i; j);
s′′uv(i; j) = f
′′
uv(i; j);
i = 0; 1; j = 0; 1; (u; v)∈ [0; 1]× [0; 1]: (5)
Denote by e(u; v) = f(u; v) − s(u; v) the error function, then the mean square error of approxi-
mation is
#=
10∑
i; j=0
e
(
i
10
;
j
10
)2
:
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Denote by #1and #2 the errors of the bicubic B6ezier function and the multivariate quartic B-spline
respectively. We have
f(u; v) #1 #2
5u6 − u3v3 + 3u3v4 − 2v7 48.0711 44.9897
cos($uv) 0.0830103 0.0144822
cos2($uv) 17.5221 15.7577
esin($uv) 15.605 14.8755
The diagram illustrates that our multivariate B-spline surfaces are better than the corresponding
bicubic B6ezier surfaces.
5. Conclusion
In this paper, we construct a kind of multivariate quartic NURBS surfaces by using the bivari-
ate quartic B-spline bases in the multivariate spline space S24 ((2)mn). The new NURBS is di>erent
from the tensor product NURBS. As a result, the multivariate quartic NURBS surfaces are of less
degree than the latter. Especially, on the knot vectors of the form U = {0; 0; 0; 0; 1; 1; 1; 1} and
V = {0; 0; 0; 0; 1; 1; 1; 1} the boundaries of the multivariate quartic B-spline surfaces are cubic B6ezier
curves. So that the surfaces have similar properties to those of bicubic B6ezier surfaces, and the
surfaces can be controlled conveniently as well.
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